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Abstract

Many stars have dusty remnants surrounding them called debris discs. Some debris discs
have been found to have gas, with a few also having complex structure such as multiple dust
rings. The origin of this gas (Primordial or Secondary) is debated, and may in fact be different
in different discs. This may also place these discs in different places along their evolutionary
track. Debris discs are optically thin so the effect of radiation pressure from the star on small
dust is significant. Rocky planetesimal belts can, through collisions, release dust and gas into
a disc.
In this project we model the injection of dust and gas into a gas disc, and the effect that
radiation pressure has on the dynamics of these. We include the back-reaction of the dust on
the gas, which has so far mostly been omitted, this back-reaction can be highly important
in cases with low gas content. We present various results from 1-D axisymmetric simulations
of a disc. We use these to describe an evolutionary mechanism that these discs could follow,
doing this across a range of viscosities, also changing other parameters such as gas content and
number of dust species. This evolutionary mechanism is the start of a pathway to explaining
structures seen in these discs. We find a possible way of determining whether the gas in such
a system is primordial or second generation.

1 Introduction

1.1 Circumstellar Discs

The study of Circumstellar Discs is a young and very active area of research. Characteristics of
Circumstellar discs vary greatly, for example radial extent, gas and dust content, and structures
such as gaps or rings. Various different aspects of these discs have been studied, many of which
are not yet properly understood.

Circumstellar discs can be divided into 3 categories: protoplanetary discs which are young, and
debris discs which are old, and transition discs in between [Williams and Cieza, 2011].

Protoplanetary discs contain a lot of gas and they will usually have a very small amount of dust
in proportion to the gas. Debris discs have a large amount of dust and usually very little gas
[Zuckerman et al., 1995]. The dust is thought to have been formed by collisions between planets
or planetesimals [Wyatt, 2008]. These discs are analogous to the Kuiper and asteroid belts in our
own Solar system, except with a much larger amount of dust (otherwise we would not be able to
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observe them). By this stage in the disc’s evolution, the vast majority of the gas is expected to have
disappeared by accretion onto the star, photoevaporation, or some other mechanism [Williams and
Cieza, 2011, Fedele et al., 2010] .

A few debris discs do still have significant gas content[Dent et al., 2005][Moór et al., 2011], a
notable example being β-Pic [Dent et al., 2014], these are often referred to as Hybrid discs.

1.2 Hybrid Discs

Hybrid discs are rare and not very well understood, a few main ones in addition to β-Pic are:
49-Ceti [Zuckerman et al., 1995, Moór et al., 2011], HD21997 [Kóspál et al., 2013], and HD 141569
[Dent et al., 2005, Di Folco et al., 2020]. Gas in debris discs is hard to detect, so as advances in
telescopes are making detecting this gas easier, many more Hybrid discs are likely to be identified.
The study of gas content in debris discs is therefore a developing area, and understanding the
relative dynamics of the gas and dust is key to the future development of the field.

Dust in debris discs can be released from collisional cascades [Wyatt, 2008], effectively result-
ing in a steady release of small dust from a planetesimal belt. We will be implementing this idea
in our modelling by simply inputting small dust in a given region.

Similarly, gas may be released from a planetesimal belt, CO gas can be frozen or trapped in
ice. Various mechanisms for the release of this gas have been theorised, such as photodesorption or
collisional vaporisation of icy grains [Hughes et al., 2018]. We will be modelling this by inputting
gas, usually over the same region as the dust, since it is the planetesimal belt which would give
rise to both.

The origin of the gas in hybrid discs is debated, whether it is some long lived primordial gas
or a second generation gas that has been released [Hughes et al., 2018]. Arguments against pri-
mordial gas are that these discs are older than the accepted gas-accretion timescales [Fedele et al.,
2010], and without some strong shielding from the stellar UV flux, the CO gas should have been
destroyed [Moór et al., 2011], additionally, models are not able to reproduce the chemical compo-
sition of the gas seen in sub-mm emission [Roberge et al., 2013]. Arguments against secondary
sources are that an extremely high rate of creation of CO gas would be required for gas seen to be
in steady state (as CO should have a very short lifetime) [Moór et al., 2011] and that if gas and
dust are not co-located it is less plausible for them to have been produced in the same parent belt,
unless some mechanism causes them to evolve differently [Kóspál et al., 2013].

One possible resolution to this is that for gas being released, if not in steady state, the discs
could simply be in a short-lived state of very high gas production [Roberge et al., 2013, Moór
et al., 2011]. Another possibility is that the CO gas which has a very short lifetime is being
shielded by C gas [Kral et al., 2019].

Most of the investigations into the origin of this gas deal with the photochemistry and gas lifetime,
a few consider dynamical effects, in particular, the relation to the dust. Even fewer so far have
included the back-reaction of the dust onto the gas as we will do. We therefore investigate whether
looking at the dust-gas dynamics can give a different method of establishing the origin of the gas
in hybrid systems.
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Some of these Hybrid discs have a complex structure. A good example of this is HD 141569
which has various dust rings in sub-µm grains, as shown in Figure 1 [Di Folco et al., 2020]. The
dynamics at play in these Hybrid discs are not well understood, in particular those which could
account for this kind of structure.

Figure 1: Structure of HD 141569 as described in [Di Folco et al., 2020]

One of the aims of this project is, in investigating the dynamics involved, to lay a foundation for
future work to develop, with a view of understanding how these hybrid discs have come to be, and
why they exhibit the structure they do.

1.3 Dust-Gas Dynamics

A test particle will follow a circular Keplerian orbit around a star. In reality other forces act on
particles which may deviate them from such orbits. A pressure gradient will change the effective
potential in which the gas sits. A positive gradient will mean the gas orbits super-keplerian (faster)
and a negative gradient will mean it orbits sub-keplerian (slower).

Dust is acted on by radiation pressure from the star, the force acting on the dust depends on
the surface area of the grains so smaller dust will experience a stronger force per unit mass. If
the dust is small enough the radiation pressure force exceeds gravity, so the dust will simply be
blown out on a dynamical timescale. Larger dust than this will have the radiation pressure work-
ing against gravity, so it will have a sub-Keplerian orbit. Even larger dust will have a minimal
radiation pressure force, so will have close to a Keplerian orbit.

The relative azimuthal velocity of the dust and gas is therefore dependent on both the gas pressure
gradient and the dust grain size (via the radiation pressure). If the effect of the radiation pressure
is stronger than that of the gas pressure gradient, then the dust will orbit slower than the gas.
Once drag is included, angular momentum will be transferred from the gas to the dust, the result
will be the dust moving outwards and the gas moving inwards. If the radiation pressure is weaker
than the gas gradient the opposite will be true [Marino et al., 2020].
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In addition to this, the dust will be subject to diffusion, and the gas to viscous diffusion, these will
act to damp out strong gradients in the dust-to-gas ratio.

Hybrid discs and, more generally, Debris discs are usually optically thin [Hughes et al., 2018],
so the radiation pressure from the central star on the dust is important throughout the radial
extent of the disc.

There have been a few dynamical studies of hybrid discs. [Takeuchi and Artymowicz, 2001] looked
at the effect of radiation pressure on dust in a gaseous disc, finding that it can migrate inwards
or outwards depending on dust size (as described above), and that small dust will drift outwards
up to the edge of the gas disc, where the drop-off in density can cause the dust to accumulate into
a ring. Observations of HD 141569A and HR 4796A are used for a qualitative comparison. [Kral
et al., 2016] investigated C and O being released from the photodissociation of CO in β-Pic and
the viscous evolution of this gas, the dust is only included through its effect on the temperature,
the dynamical effects being ignored. Observations of [CI] with APEX [OI] with Hershel as well as
[CII] and [CO] are used. [Kral et al., 2019] investigate the shielding of CO by C, and the viscous
evolution of this gas, using observations of [CI] in HD 131835 for comparison. [Marino et al., 2020]
use this in a population synthesis, and describe the effect on dust.

None of these, however, include the back-reaction of the dust on the gas. In systems with a high
dust-to-gas ratio this will be an important effect to consider and might have a large impact on
the gas distribution. Models done by [Lyra and Kuchner, 2013] do include the dust back-reaction,
but do not include radiation pressure or look at any dust or gas input. They find that narrow
eccentric dust rings can form due to a photoelectric instability, and compare this to observations
of the Formalhaut debris disc.

In this project we build on previous dynamical studies and include the back-reaction of the dust
on the gas (which has not often been included in modelling and can have a large effect in dust-rich
discs). We model the input of dust and gas into a pre-existing gas disc and investigate the evolu-
tion over a range of values in different parameters. This will shed light onto a possible way that
structure in hybrid discs can form, and to a difference in structure between primordial/secondary
gas which may lead to a new way of establishing which type of gas a disc has.

2 Model Description

For this work, we use a version of the model from [Booth et al., 2017] which solves the viscous evo-
lution, following an α prescription [Shakura and Sunyaev, 1973] for the viscosity, that is, ν = αcsH,
with α a dimensionless parameter, as well as computing the dust-gas drag, and the back-reaction
of the dust on the gas (we refer to this as feedback). We use a simplified dust model with fixed
dust sizes (hence no dust growth or fragmentation). We simulate using 500 cells equally spaced in
R1/2 from either 0.1 au or 10 au, up to 1000au.

This model solves the usual viscous evolution equation

dΣ

dt
=

1

R

d

dR

(
3R1/2 d

dR

[
νΣGR

1/2
])

(1)
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Where ν is the kinematic viscosity for which we use the α prescription above, ΣG is the gas surface
density, and Σ is the sum of the gas surface density and the individual dust-species surface densities.

The dust velocites are determined by the gas drag, the force for this is

Fdrag =
m∆v

ts
(2)

where m is the dust grain mass, ∆v the dust-gas relative velocity, and ts the stopping time
which is the time for the gas drag to reduce ∆v to zero. The dimensionless stopping time, or
Stokes’ number, is St = Ωkts, where Ωk is the keplerian orbital velocity. For small dust particles
(D < 9/2λ, λ the gas’s mean free path) we are in the Epstein drag regime and the Stokes’ number
can be characterised as [Birnstiel et al., 2012]:

Sti =
πρsDi

4ΣG

(3)

where ρs is the internal density of the dust grains and Di is the grain diameter of the i’th species
of dust.

The relative dust-gas velocities are

∆vi =
2uφSti − urSt2i

1 + St2i
(4)

Where uφ and ur are the azimuthal and radial gas velocities. Sti is the Stokes’ number of the i’th
dust species.

The model also evaluates diffusion of the dust and trace species, which is given by

dψi
dt

=
1

RΣ

d

dR

[
RDψi

Σ
dψi
dR

]
(5)

where ψi(= εi) is the dust-to-gas ratio for the i’th dust species, Dψi
= ν/Scψi

(Sc is the schmidt
number). For gas tracers Scψ = 1, and for dust

Scψi
=

(1 + St2i )
2

1 + 4St2i
(6)

So far this has not included radiation pressure and simply assumed the natural orbital velocity of
the dust to be keplerian. For this project I therefore adapt the equations and the model to include
the radiation pressure.

2.1 Radiation Pressure

We characterise the radiation pressure with a parameter β = |Frad|
|Fgrav | this can indicate how sub-

keplerian the dust is. A similar parameter η exists for the gas pressure, resulting in the azimuthal
velocities vd,φ for the dust and vg,φ for the gas being [Marino et al., 2020]:

vd,φ = vk(1− β)1/2 (7)

vg,φ = vk(1− η)1/2 (8)
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Where vk is the Keplerian orbital velocity and

η = − 1

RΩ2
kρg

dPg
dR

(9)

Where Ωk is the Keplerian angular velocity, ρg and Pg the gas density and pressure. We can see
that whether the dust orbits slower or faster than the gas relies on whether β > η or β < η, this
then determines whether the dust moves inwards or outwards, as described in section 1.3

β can be expressed as β = CL?

ρsDM?
(ρ and D the density and diameter of the dust grains, C a

constant), the important relation here being β ∝ 1/D

We can take Equation 7 to first order in the radiation pressure parameter β to get the dust
azimuthal velocity due to the radiation pressure

vdust,φ = vk

(
1− 1

2
β

)
(10)

This −1
2
βvk term is the one that we include in the equations of motion in order to get the radiation

pressure effect.

To add in the effect of radiation pressure on the dust-gas dynamics we follow the derivation
from [Dipierro et al., 2018] and add in the radiation pressure terms. The dust and gas velocities
are expressed as perturbations around the local Keplerian velocity vk = rΩkeφ. The equations of
motion, when assumed in steady state, can be written as:

uφ = −
∑
i

ρd,i
2ρgSti

(vr,i − ur) +
1

2
vp (11)

ur =
∑
i

2ρd,i
ρgSti

(vφ,i − uφ) + vvisc (12)

vφ,i =
vr,i − ur

2Sti
− 1

2
βivk (13)

vr,i = −2(vφ,i − uφ)

Sti
(14)

Where the i’s represent the different dust species, uφ is the gas azimuthal velocity, ur is the gas
radial velocity, similarly for vφ,i and vr,i for the i’th dust species, velocities being relative to the
keplerian velocity. The ρ’s are the densities, and Sti is the stokes number (dimensionless stopping
time) of the i’th dust species. In addition

vp =
1

ρgΩk

∂P

∂r
(15)

vvisc =
2

ρgΩk

∇ · σ |φ (16)

The 1
2
βivk is the added radiation pressure term, derived above, with βi being the radiation pressure

parameter for the i’th dust species.
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Equations 11-14 can be solved simultaneously to give the following gas velocities:

uφ =
1

2

[
(1 + λ0)vp + λ1vvisc − [µ0(1 + λ0) + µ1λ1]vk

λ2
1 + (1 + λ0)2

]
(17)

ur =
−λ1vp + (1 + λ0)vvisc + [µ0λ1 − µ1(1 + λ0)]vk

λ2
1 + (1 + λ0)2

(18)

and the following velocities for the i’th dust species:

vφ,i =
uφ − 1

2
urSti − 1

2
βivkSt

2
i

St2i + 1
(19)

vr,i =
ur + 2uφSti + βivkSti

St2i + 1
(20)

The contributions to the gas velocities from the individual dust species is via the λj and µj
parameters defined as

λj =
∑
i

εi
Stji

St2i + 1
(21)

µj =
∑
i

εiβi
Stji

St2i + 1
(22)

εi being the dust-gas ratio of the i’th dust species

We can then express the difference in radial velocity between a given dust species and the gas

∆vr,i ≡ vr,i − ur =
2uφ − urSti + βivk

Sti + St−1
i

(23)

These expressions are then what is implemented in the code.

2.2 Dust and Gas Input

For this project I added a module to deal with inputting dust and gas into the simulation, which
is thought to come from collisions in a planetesimal belt.

I included 3 different modes of input:

• In a single cell

• Uniformly by mass over a range of cells

• Following a gaussian profile with a given FWHM

The ”width” of the input will henceforth mean the width in AU of the input region for the second
case, and the FWHM for the third case. This width can be varied. These different modes are used
in various simulations, and we will discuss the effects of each one.

Of these 3 input methods the last is of course the most realistic, however it is also more costly in
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terms of run-time for the simulation, so when the first two methods will do, it can be worth using
those instead.

Other capabilities I gave this module are to chose the radius at which the dust and gas are inputted
(these can be different) and to be able to chose a range of dust sizes. When including multiple
dust sizes, mass is added evenly between the different species, this follows a number density power
law n(D) ∝ D−3 (with D the dust grain diameter).

2.3 Testing the model

We test the additions to the code in two simple situations (with and without radiation pressure)
not including the feedback of the dust on the gas. To test these we first need to derive some
analytical relations between the dust and gas densities.

We use the formula for steady state surface density [Pringle, 1981] here applied to the dust being
modeled as a fluid

Ṁ = 2πΣdRvr (24)

where vr is the absolute value of the radial velocity. In a steady state Ṁ will be a constant through
the disc, so in terms of radial dependence

Σd ∝
1

Rvr
(25)

Now from [Weidenschilling, 1977] we have that the radial velocity is different depending on what
regime the Stokes number is, this can be seen in the expression [Birnstiel et al., 2012]

vr =
vp

St+ St−1
(26)

With vp as defined in Equation 15.
We see that for St << 1, vr = vpSt. Here the limiting factor is the radial terminal velocity
attained by dust grains, and for St >> 1, vr = vp/St. Here the limiting factor is the strength of
the azimuthal coupling between the dust and gas.
We now investigate how these vary with radius R, and assume that quantities scale as power laws.
From Equation 15 we can therefore get

vp ∝
P (R)

Rρg(R)Ωk(R)
(27)

We take a blackbody temperature for the gas, so T ∝ R−1/2 [Marino et al., 2020]. We also use the

following relations: P/ρg = c2
s ; cs =

√
RT
µ

(here R is the gas constant, not radius) and Ωk ∝ R−3/2

Combining these we get that vp is constant withe respect to R

Now the Stokes number can be expressed as [Birnstiel et al., 2012]

St =
πaρs
2Σg

(28)

where a is the dust diameter and ρs is the dust’s internal density, so both are independent of R.
Hence St ∝ Σ−1

g . So we can now express the relation between our dust density and the gas density
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when in steady state: For St << 1 Σd ∝ Σg

R
and for St >> 1 Σd ∝ 1

RΣg

When including radiation pressure, equation 26 will be altered as in equation 20 to include a
βvk on the numerator, this will add an extra R1/2 dependence meaning that for St >> 1 we will
have ΣD ∝ 1

R1/2ΣG
.

Figure 2: Solid line is gas surface density, dashed lines are dust, yellow (dashed) = 104yrs, green
(dotted) = 105yrs red (dash-dotted) = 106yrs. Left: No radiation pressure and no feedback,
St < 1. Right: Radiation pressure included but no feedback, St > 1. Black arrow at the input
location.

To test the additions to the model, we run some simulations without the dust feedback, this way
we can verify the simulations against the analytical results just derived. These are shown in Figure
2. In the left hand simulation we calculated the gradients at 17au: Σd ∝ R−2.18 and Σg ∝ R−1.17

(this agrees with Σd ∝ Σg

R
). In the right hand simulation we calculated the gradients at 151au:

Σd ∝ R2.03 and Σg ∝ R−2.52 (this agrees with Σd ∝ 1
R1/2Σg

). Both of these results are therefore in

agreement with the analytic calculations given the local Σg scalings. The graphs are in opposite
Stokes regimes so that we can see the result more clearly.

As we present results, many graphs will be shown. Most will be of the same type as the ones
above meaning that we look at the gas and dust surface densities, the gas being shown in solid
lines, and the dust in dashed/dotted lines.

3 Results

We will now begin to present various results from simulations and give some interpretations. In
these simulations the stellar properties remain the same, we use a radius R? = 2.5R�, an effective
temperature T? = 6500K, and a mass M? = 2M�.

The main parameters that we vary are: the dust and gas input rates, the type/width of in-
put, and the viscosity.
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There are also some parameters that will often take the same value but are occasionally changed to
emphasise a certain feature, or to maintain us in the physical regime we are investigating. These
are the total initial gas mass (usually 10−5M�), the dust and gas input radius (usually 85au), and
the diameter of the dust grains (usually 10µm).

One key finding we will present is the following evolutionary pathway:

• Dust (of appropriate size) input into a gas disc will drift outwards and form a ring.

• The formation of the ring is coincident with (and due to) gas being pushed inwards.

• This gas will accumulate at the dust input location, potentially trapping dust there.

• Depending on the strength of the dust trapping, the dust ring may grow inwards, or drift
outwards.

Other findings are:

• Viscosity will affect this pathway, in particular the gas buildup and the dust trapping.

• A high gas input will prevent the dust from forming the ring, instead the dust moves outwards
with the edge of the disc formed by the input gas.

• Multiple dust species can give rise to more complex structure such as multiple rings

One phenomenon that will arise many times is the effect of a steep drop in gas density. Gas
pressure will have some (positive) power-law dependency on density through an equation of state,
the result being that a gas density gradient is equivalent to a gas pressure gradient. From equation
9 we have

η ∝ −dPg
dR

Therefore, in a steep negative pressure gradient, the gas will have a very high η value. The
mechanism through which our dust drifts out (as described in sections 1.3 and 2.1) relies on β > η,
so dust will not be able to cross a very steep gas density gradient. A reasonably steep gas gradient
will slow the dust drift velocity and equivalently decrease the amount of dust that can cross it.

3.1 Introducing dust into low viscosity discs

For now we restrict the problem to a single dust size of 0.001cm (10µm). We start by investigating
low viscosity discs, in the [Shakura and Sunyaev, 1973] α prescription we take α = 10−8, this is
small enough that viscous effects will not be seen.
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Figure 3: Solid line is gas surface density, dashed lines are dust. Left: yellow (dashed) = 103yrs
green (dotted) = 5×103yrs, red (dash-dotted) = 104yrs. Right: blue = 105yrs. Black arrow at the
input location. Right hand plot shows the areas we refer to as the ”Input region”, the ”Bridge”
and the ”Ring”.

The first results showing the dust and gas evolution are shown in Figure 3. Once the dust is input,
it is pushed out due to the mechanism described in section 1.3. Initially, while the dust surface
density is much lower than the gas surface density (ie: the dust-to-gas ratio ε is very low) the loss
of angular momentum is barely felt by the gas, so there is only a minimal feedback effect on the
gas. So at early times the dust is simply flowing outwards, following the profile that would be
expected in the no-feedback limit and there is very little effect on the gas. This can be seen in the
left hand plot of Figure 3, which is quite similar to the right hand plot of Figure 2.

The dust density increases with radius, so eventually a point is reached where the dust-to-gas
ratio approaches unity. Feedback then starts to have a significant effect on the gas. The gas begins
to lose a significant amount of angular momentum and so is pushed inwards, and consequently the
gas density decreases at this point. The gas cannot move further in than the dust input radius, as in
the absence of viscosity the only mechanism for the gas to move inwards is being torqued down by
dust, so we get a build-up of gas at the input radius. This is seen in the right hand plot of Figure 3.

Since the gas density drops when there starts to be a significant dust-to-gas ratio, this ratio reaches
and then exceeds 1 as the gas density keeps dropping. The very high dust-to-gas ratio achieved
has the reverse effect from before, in this region the gas now loses significant angular momentum,
but the dust does not gain very much, so it has a low outwards radial velocity. Surface density
is inversely proportional to radial velocity in a steady state (from equation 25). Although we are
not quite in steady state here, the rough inverse relation of Σ and vr still holds, we can think of
an analogy: a large group of joggers (evenly spaced out) come across some mud which slows them
down, the density of joggers will therefore be higher in the mud, and the density gradient will
be sharp if the mud starts suddenly. So the dust builds up here and we have a ring of dust, the
density gradient between this ring and the bridge of dust feeding it is quite steep, so the ring is
well defined. The dust in the ring, follows the profile of the gas that had been there initially, this is
because of the conservation of angular momentum. Since the dust is given its angular momentum
by the gas, it cannot end up with more than the gas initially had, so the dust density will be
capped and will move out along the original gas profile.
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This is a key result: a dust ring forms some distance out from the dust input. This happens
very reliably, regardless of parameter choice. This dust ring is accompanied by a gap/well in the
gas density, we note that through the ring the gas density is low but is increasing with radius. We
will investigate the subsequent evolution of this dust ring, but to do this we first notice that in the
right hand plot of Figure 3, there is a slight spike in the dust density at the input radius. This is
due to the dust trapping effect of the gas building up at the input radius.

We have seen that the gas starts building up at the input radius as it can’t get pushed further in.
This causes steep gas density gradients on either side of this build-up, and we have already noted
that a steep gas gradient prevents, or at least lowers the outwards flux of dust

The gas building up at the input radius causes the radial velocity of the dust being pushed out to
decrease. This dust trapping has the effect of both increasing the dust density at the input radius
and reducing the amount of dust that drifts outwards, in turn affecting the dust morphology at
larger radii.

We have so far identified 3 main features of the dust distributions and we will often refer to
these in the following terms (as illustrated in the right hand plot of Figure 3). We have the ”ring”
that forms at a large radius; the ”dust trap”, ”dust spike” or simply ”dust input/input region”
where the dust is input and will sometimes get trapped, forming a spike, and we have the ”bridge”
which links the two. There are a few occasions where the dust trapping effect is not at the input
location, at which point ”dust trap/spike” and ”dust input” are no longer the same. It will be
clear to which we are referring.

If we have very strict dust trapping then very little mass will be escaping the input region, this
means that there will be very little mass that can move through the bridge and into the ring. In
this case the ring will effectively stop growing inwards once the dust-trapping effect has taken hold.
In general the ring will always keep growing/spreading outwards. If instead the dust trapping is
less strict and there is a significant mass flux out of the input region, then the ring will keep
growing inwards in the following way. The inner edge of the ring has a steep gas gradient, so as
the dust arrives there it slows down and so its density increases, which then means the dust ring
grows inwards, this then pushes the gas that is at that location inwards, meaning that the gas
gradient also moves inwards to allow this effect to continue.

A good illustration of this is Figure 4. Here we compare two different scenarios, the left plot
having a wide smooth input, and the right plot having a narrow sharp input. We know that this
will mean that the latter will have a much stronger dust trapping effect since we will get a steeper
gas gradient at the edge of the input region. From equation 24, we see that the mass flux has the
form

Ṁd ∝ ΣdvrR

We use this to compare the relative mass fluxes in the different parts of the disc.

The differences between the two sides of Figure 4 are quite clear. The lesser dust trapping disc
(LHS) has a higher vr,d in the dust trap than in the ring (middle left), so dust escapes the input
more effectively than it travels through the ring. The mass flux in the bridge is therefore higher
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Figure 4: Time = 3×105yr. Comparison of the surface densities (top row) the dust radial velocities
(middle row) and the local dust mass flux (bottom row) for two different set-ups. Left: Gaussian
dust input with a width of 5au (wide and smooth), so dust is not trapped at the input radius
instead it will move outwards and accumulate at the inner edge of the ring. Right: Uniform input
of width 1.5 au (narrow and sharp), so dust trapping is important and the ring stops being fed.
Black arrow at the input location.
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than the mass flux in the ring (bottom left). The bridge therefore will have a reasonably high
density and the ring grows inwards as the dust from the bridge builds up at the inner edge of the
ring (top left). In contrast, the higher dust trapping disc (RHS) has a lower vr,d in the spike than
the ring (middle right), so dust escapes the input less effectively than it moves through the ring.
The mass flux in the bridge is then lower than in the ring (bottom right) so less mass arrives at
the inner edge of the ring than leaves, so the ring moves outwards (top left).

We have therefore shown that it is the strength of the dust trap, and hence the nature of the
input, that determines which way the dust ring evolves. The dust trapping does not start straight
away so initially all rings will grow inwards, then either keep growing inwards, halt the inwards
growth, or revert and be pushed back out.

Figure 5: Solid line is gas surface density, dashed lines are dust. Top left: yellow (dashed)
= 105yrs, green (dotted) = 106yrs red (dash-dotted) = 107yrs, Gaussian input of width 5au at a
rate of 10−13M�/yr For the other 3 graphs: yellow (dashed) = 105yrs green (dotted) = 5× 105yrs,
red (dash-dotted) = 106yrs. Top right: Uniform input over 2.5 au at a rate of 10−10M�/yr Bottom
left: Gaussian input of width 0.5au at rate of 10−12M�/yr Bottom right: Gaussian input of width
5au at rate of 10−11M�/yr. Black arrow at the input location.

14



In Figure 5 we see the results of 4 simulations in different parts of the parameter space. Each gives
a seemingly different outcome, however they all have the common point of initially forming a dust
ring. These rings evolve in different ways. The top right plot has a uniform input, so will have a
reasonably strong dust trap causing the ring to stop growing inwards, we notice that the inner edge
of the ring does not migrate out very much, this will be due to the mass fluxes in the bridge and
ring being quite similar. The bottom right plot has a smooth Gaussian input so the gas gradient
formed is not so steep and the dust trapping not so strong. The top left plot has a low dust input
rate so even after 107 years there has not been a significant enough inflow of gas to cause much of
a dust trap so it is still in the initial growth stage. The bottom left plot has a very narrow and
sharp input, so the dust trapping effect is strong, this combined with a low dust input rate means
only a narrow ring is formed, this then does not grow inwards, but instead migrates outwards due
to the gas drag effect. We see the ring spreads out a little as it migrates out, this can be thought
of as conservation of mass in the ring since the density in the peak decreases, or simply as diffusion.

We again have seen that the dust trapping is exacerbated by the input being narrow, and having
sharp edges. Both of these result in the dust input having quite a steep gradient, which means
that the profile developed by the gas that has been pushed in will also have a steep gradient, which
we have identified as the cause for the dust trapping.

The dust trapping can also be exacerbated by the introduction of a gas input coincident with
the dust input. The planetesimals that would be responsible for the dust input can often have gas
trapped in ice that can be released as discussed in the introduction. Inputting this gas at the input
radius will cause the steep gas gradient responsible for dust trapping to form earlier and be more
pronounced, leading to a stronger and earlier dust trap. The first few plots of Figure 7 illustrate
a strong and early dust trap.

3.2 Introducing viscosity and a localised gas input

So far we have only considered the dynamics of low viscosity discs with only a dust input. In this
section we investigate what changes increasing the viscosity makes to our current model of a disc’s
evolution. We will compare different viscosities by having α range from 10−8 to 10−1. We will
also investigate different gas input rates relative to the dust input rate, using a Gaussian input of
5au. A low gas input rate will mean that by the end of the simulation, most of the gas present
was already there when the dust started being added (ie Primordial gas), whereas with a high gas
input, most of the gas present by the end of the simulation has been added alongside the dust (ie
Secondary gas).

We first consider a case where the same mass of gas is input as of dust, with a significant to-
tal initial gas mass. This is shown in Figure 6. The input gas density being low in comparison
with the total already there means that the input gas will have minimal effect. This means that
this simulates a hybrid disc with mostly primordial gas content.

We then vary the viscosity, at early times there is little effect. The yellow profile is the same
throughout. At intermediate times, the formation of the dust ring still occurs up to a viscosity of
α = 0.01, although with a higher viscosity the ring is less clearly defined, in particular with a less
severe inner boundary, this can be seen in the green profiles. At late times there is a significant
change. For low viscosities, the gas is pushed in by the outflowing dust (as in section 2.1), as
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viscosity is increased this is counteracted by the viscous spreading, so the steep gas gradient is
not pushed all the way in to the input region. There is no dust trapping at the input, so the dust
keeps feeding the ring. At high viscosities the gap/well in the gas densities gets filled in (partially
for α = 10−2 and completely for α = 10−1) resulting in the dust ring being less pronounced as the
higher gas density can keep pushing the dust out more effectively.

Figure 6: Total gas mass of 10−5M�, dust and gas both input at a rate of 10−11M�/yr, yellow
(dashed) = 104yrs, green (dotted) = 105yrs, red (dash-dotted) = 106yrs, α-viscosity variation on
plots. The ratio of initial mass to total added mass is 1. Black arrow at the input location.

One aim of this project is to assess whether the dynamical effect of dust pushing gas inwards could
replicate viscous effects, meaning that previous estimates of viscosity in such discs might have been
over-estimates. Our results show that at low viscosity there is no effect on gas inside the input
region, so it is unlikely that estimates of viscosity in the inner regions of discs such as β-Pic are
affected by this mechanism.

With a high viscosity of α = 0.1 as is the lower bound estimate for β-Pic [Kral et al., 2016],
the dust ring cannot form because the viscosity quickly damps out a dip in gas density which is
what allows the dust ring to form. We see that the dust profile keeps rising, roughly following
the path of the case with no feedback between the dust and the gas. This is interesting as it
means this dust-ring forming mechanism is unlikely to be at play in the formation of structure in
high-viscosity discs such as β-Pic

To simulate a hybrid disc with mostly secondary gas content, we include little initial gas and
use a high gas input. The results are shown in Figure 7. As expected, the high gas input causes
dust trapping to occur very early, so in the first two (low viscosity) plots most of the dust is
trapped in the input region, with only a very small amount having escaped.
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Figure 7: Total gas mass of 10−7M�, dust input at a rate of 10−11M�/yr, gas input at a rate of
10−10M�/yr, yellow (dashed) = 104yrs, green (dotted) = 105yrs, red (dash-dotted) = 106yrs, α-
variation on plots. The ratio of initial mass to total added mass is 10−3. Black arrow at the input
location.

At higher viscosities, the gas spreads out, and since there is very little initial gas, a disc starts
forming from this secondary gas. The dust-gas drag slows the migration of the outer edge of this
disc, and the dust accumulates at this outer edge. It cannot migrate any further as there is a steep
gas gradient here which, as in the dust trap, means that η ∼ β. This is an example of the effect
described by [Takeuchi and Artymowicz, 2001].

The results from this section are quite promising. For dust released into a pre-existing gas disc, a
dust ring is formed and has an associated gas deficit throughout the ring, a feature of this being the
gas density increasing throughout the ring. This is true for all viscosities studied apart from the
highest (α = 0.1) where the viscosity fills in the gas density deficit. On the other hand, when most
of the gas is released alongside the dust, the dust is either trapped at the input (for low viscosities)
or forms a narrow ring colocated with a steep gas gradient at the outer edge of the disc. This is
promising, as we have discovered a feature, which can help distinguish between the two kinds of
discs. Finding these features may be difficult, cold gas far from a star is difficult to detect, and
most primordial gas is likely to be H2 which is not detectable. However, with the improvement of
telescope facilities such as ALMA and future telescopes that are in development, we are at a stage
where some such features might be able to be detected with better precision [Hughes et al., 2018].
Although H2 is not directly detectable, it can collisionally excite CO, so observations of different
lines of CO might be able to indicate if H2 is present. Neutral Carbon is also a tracer which can
be observed by ALMA so can be another place to look for these observations.
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3.3 Multiple grain sizes

Realistically, we would probably not expect to get a perfect dust input, with all particles exactly
the same size. Furthermore some of the structure seen is quite complex, such as the multiple rings
in Figure 1. The natural next step is to look at multiple different grain sizes.

Performing a rigorous investigation of the effect of multiple grain sizes is beyond the scope of
this project, so we will present a few results which suggest that a more thorough inquiry is war-
ranted. We have restricted ourselves to the low viscosity case.

The radiation parameter β ∝ 1/D (D the dust diameter) so the radiation pressure is higher
on smaller dust. The Stokes number St ∝ D so smaller dust has a lower Stokes number, in the
St >> 1 regime vr,d ∝ St−1 (from Equation 26). Both of these reasons mean that the outward
radial velocity of small grains should be higher. So we would expect the smaller dust to get further
out in a shorter time. Structure formed by small dust is therefore expected to be found at a larger
radius than structure formed by large dust. Figure 8 illustrates this idea.

Figure 8: Solid lines are gas density, dashed lines are dust density. Left: dust diameters 10 µm
(β = 0.215) and 50 µm (β = 0.043), yellow (dashed) = 104yrs, green (dotted) = 105yrs, red
(dash-dotted) = 106yrs. Right: Dust diameters 5 µm (β = 0.43) and 50 µm (β = 0.043), time =
105yrs. There is an equal mass of dust of each size. Black arrow at the input location.

We see in the right hand plot of Figure 8 that we have formed two distinct dust rings, a similar
2-humped, camel-like, behaviour is also seen in the green line of the left hand plot. In both these
cases, as expected, the outer ring is made up of the smaller dust, and the inner ring of the larger
dust.

In left hand plot of Figure 8 the red line looks very similar to the single dust species case once the
ring has grown and joined up with the input region (bottom right of Figure 5). We can split the
dust density into that of each dust species, this is shown in Figure 9. Here we see that initially
each species moves outwards, the smaller one faster, and each form their own ring. By the late
stage, the small dust ring has grown inwards and the large-dust ring has seemingly been pushed
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inwards. Though initially surprising, this is in fact what has happened.

Figure 9: These are the individual dust densities corresponding to the Left hand plot of Figure
8, yellow (dashed) = 104yrs, green (dotted) = 105yrs, red (dash-dotted) = 106yrs. Left: Surface
density for the dust of diameter 0.005 cm. Right: Surface density for the dust of diameter 0.001
cm. Black arrow at the input location.

We have already encountered the effect responsible, it is the common culprit, a gas density gra-
dient. In the non-viscous case, we know that when the dust ring forms the gas present is pushed
inwards and we get a steep gas gradient at the inner edge of the dust ring. This acts as a barrier
to dust. As the outer ring grows and so this barrier is pushed inwards, it sweeps up the inner ring,
as the dust in this ring cannot pass through the barrier, meaning the inner ring is pushed all the
way back to the input region. This is similar to the effect described by [Takeuchi and Artymow-
icz, 2001] which we have mentioned before, but whereas in the previous section, the gas disc was
spreading, and the dust with it, here the gas disc is contracting and the dust being dragged along
with it.

We have seen that multiple dust species being released could account for more complicated struc-
ture in hybrid discs, such as multiple rings.

4 Caveats

Before concluding, let us consider some of the assumptions and simplifications we have made in
this project, and the limitations they may cause.

One clear major simplification is the use of invariant dust grain sizes, whether there is one size or
multiple sizes. In reality dust grains will collide, leading to either grain growth or fragmentation,
depending on the type of collisions. In debris discs it is expected that collisions would mostly
fragment grains rather than cause sticking, but we shall still consider both.
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To assess how this simplification has affected our results we can estimate the timescales on which
each of these two effects act.

4.1 Grain growth

Grain growth is dependent on the collisions resulting in sticking, which is not certain, particularly
in debris discs. However we will still look at its timescale [Birnstiel et al., 2012]

tgrow ∼ (εΩk)
−1 (29)

Where ε is the dust-gas mass ratio. We can use the keplerian velocity as, although the dust is
sub-keplerian, its velocity will still be of the same order of magnitude as Ωk. In our case:

tgrow ∼
0.1

ε

(
R

au

)3/2

(30)

In the ”dust bridge” of our model, connecting the input to the dust ring, ε . 10−4 and so with the
input radius at 85au we can write the following for dust there:

tgrow & 106years (31)

This is of a larger order of magnitude it than takes for the dust to form a ring. A lower dust input
can get the ring to form slower, however this also lowers ε in the bridge, so it would increase the
growth timescale too. So there should not be much of an effect on ring formation.

In the ring itself and in the dust trap, ε will eventually get much larger, in the ring this will
in part be counteracted by the larger orbital radius, however grain growth would still likely speed
up. This would lead to a lower mass flux across the ring, which would in fact only help the ring
grow inwards. In the dust trap this might lead to less dust escaping the input region, however
with the constant release of new dust this would need careful consideration.

So if the dust collisions result in grain growth, though this might happen on relevant timescales
in the latter stage of evolution, it should not drastically affect our results, other than being one
extra factor to consider in whether a ring grows inwards or outwards.

4.2 Grain Fragmentation

The collision time in a disc of single-sized particles is [Strubbe and Chiang, 2006]

tcoll ∼
1

Ωτ
(32)

Where τ is the optical depth (perpendicular to the disc plane).
Ω ∝ r−3/2 and standard power laws for optical depth in Debris Discs are r−3/2 and r−5/2 [Strubbe
and Chiang, 2006], so tcoll will very quickly increase with radius, so we only really need to consider
the input location.

In [Strubbe and Chiang, 2006] they model the release of dust and get a maximum optical depth
of τ = 3 × 10−3, only over a very small region, the majority of the disc having optical depth less
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than τ = 10−4

A strong upper bound on the optical depth would be τ = 0.01, any higher than this and we
would no longer be in a optically thin regime. This means that at our input we have a strict
minimum collision timescale of 8000 years. Though this is quite short it should also not be a great
problem. Initially as the dust starts to be released, the optical depth will be much lower (by at
least a few orders of magnitude bringing the timescale to at least 106 years) so the initial ring
formation will not be affected. Fragmentation will therefore only really be important once the
dust trapping starts, at which point what happens to the dust inside the trap is not very relevant.

Fragmentation may also eventually have an effect in the ring. A possible effect of this would
be to cap the outer edge of the ring with the dust fragmenting and being blown out preventing the
ring from expanding past a certain radius. In a case where the dust trapping stops the ring from
growing at the inner edge, fragmentation could perhaps cause the ring to dissipate, this might be
interesting to investigate further, finding the lifetime of such rings and hence whether we might
expect to observe them.

4.3 Other assumptions

We have not included Poynting-Robertson drag here. The P-R drag force is

Fpr = βFgrav

[
−2vr

c
er −

vk
c
eφ

]
(33)

where c is the speed of light. Both these terms are very small compared to the values in equations
19/20 for the dust velocities due to radiation pressure and gas drag. Hence, P-R drag can be safely
omitted.

The dust released in the planetesimal belt is from collisions, this could lead to a range of ec-
centricities, however eccentricity is damped on a timescale tdamp ∼ P/St (P is orbital period), and
since here we are in the regime of St >> 1 eccentricity is damped faster than the orbital period,
so we can safely assume circular orbits. The circularisation may lead to a spread of orbital radii,
but since we use a gaussian input for the dust, this is at least partly accounted for.

5 Conclusions

We have taken some important steps in the modelling of hybrid discs by including the dynamical
back-reaction of the dust on the gas, and have found some evolutionary pathways for them in a va-
riety of configurations. The main result here is finding a new class of gas-dust morphology, where a
density maximum in the dust (ie a ring) is accompanied by a density minimum in the gas. This re-
quires the amount of gas added with the dust to be minimal compared to the amount already there.

This ring formation, coupled with the fact that more complicated setups such as multiple grain
sizes can give rise to structures such as multi-ringed discs (which are observed and of interest)
means that this avenue is worth pursuing further.

This project identified a difference in between dust being released into a pre-existing gas disc,
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and dust being released at the same time as a gas disc is forming. In a pre-existing disc, as in
Figure 6, we have a dust ring essentially extending from the edge of the gas disc outwards (or
in a corresponding gas dip), the hallmark being the anti-correlation of the dust and gas. In a
forming disc, the dust ring is coincident with the edge of the gas disc as in 7. This could provide a
meaningful way to distinguish between those hybrid discs whose gas is primordial and those whose
gas is secondary.

This area of research is a popular one at the moment, further investigation building on this may
involve:

• Including dust growth and/or fragmentation.

• Including more dust species or multiple dust release locations corresponding to multiple dust
producing belts, this could give more complex structure.

• The effect embedded planets might have on this. Most systems are thought to have planets,
the effect of which could alter the mechanism described in this project.

• Better resolution of observations may help identify the edges of the gas discs and where
dust rings are in relation to these which as described above could be a promising way of
categorising hybrid discs.
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